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Two-Bar Model for the Dynamics and Stability
of Electrodynamic Tethers
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Previously a new dynamic instability that affected electrodynamic tethers in inclined orbits was studied, with
a simple one-bar model that neglected the contribution of the tether lateral dynamics. The flexibility of the tether
(lateral dynamics), however, plays an important role in the overall motion of the system as shown by numerical
simulations of a bare-tether generator in a circular inclined orbit. The same analytical techniques of the previous
work are now applied to investigate the dynamics and stability of an electrodynamic tether system modeled by two
articulated bars that account for the lowest lateral modes of the tether. The analysis, which can be directly extended
to any electrodynamic tether system, has been focused on two particular, but important cases: the combination of
a conductive and a nonconductive leader tether (as in the Propulsive Small Expendable Deployment System) and a
homogeneous, conductive tether. The lateral dynamics is extremely rich, with skip rope motion, instability peaks,
and chains of bifurcations for different regions of the parameter space. The same energy pumping mechanism that
destabilizes the rigid model (one bar) is found to drive an even faster instability of the lateral modes. Damping,
which has not been included in the analysis, could change this unstable behavior.

Nomenclature
A,...,D = coefficients in Lagrange equations
Ay, ..., D, = coefficients of periodic solution
a = circular orbit radius
ai,...,d, = coefficientsin variational equations
B = stabilizing body at tether end
B = intensity of Earth magnetic field
B; = component of B along the i axis
c- = cos(-)
Sei = torque factor of current distribution, bar i
L, = tether length-averagedcurrent
L = length-averagedcurrent of tether i
i = orbit inclination
i,j,k = unit vectors of the orbital frame
Ja = inertia diadic of a bar at point A
Ky = coefficient in variational equations
k = component of oscillation eigenvalues
L = total tether length
L = tethered system Lagrangian function
L; = lengthof bari
M = monodromy matrix
mpg = end mass at point B
m; = massofbari,i =1,2
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mr = tether total mass
(0] = main spacecraft
[oF = generalized force for g;
q; = generalized coordinate i
- = sin(:)
T = articulation point of bars 1 and 2
u; = unit vector along bar i
u, = direction vector of the magnetic dipole
y = vector of generalized coordinates
Y, = periodic solution vector
8; = massratio of bari, m; /mpg
€; = electrodynamicto gravity gradient
force ratio for bar i

n = vector of perturbed generalized coordinates
6; = pitch angle of bari
A = length ratio of the two bars
A* = critical length ratio of the two bars
Y = eigenvaluesof the Monodromy matrix
I = Earth gravitational constant
on = Earth magnetic dipole
v = orbit anomaly w?
o = coefficient of €3 in the eigenvalues expansion
i = roll angle of bar i
w = circular orbit frequency
w = angular speed of a solid
; = tether oscillation frequencies,i = 1,...,4
;] = tether critical oscillation frequencies
Superscripts

= d()/dv

= d&()/dv?

Introduction

HERE is arenewed interestin electrodynamictethers for space

propulsion, deorbiting, and power generation. Different con-
ceptsare beingstudiedto build a deorbitingtethersystem combining
safety, reliability, speed, and low cost. Significant electrodynamic
thrust must be obtained with a light tether system.'~* The most
promising technology is a thin bare tether anode that collects elec-
trons from the ionosphere with greater efficiency than the classical
approach of a large spherical termination>® However, simulations
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of electrodynamic tether dynamics show a very complex motion
with strong couplings and energy transfers between different vibra-
tion modes.>’

High thrust or drag requiresa high currentin the wire. Currentin-
tensity depends on environmental conditions: plasma density, mag-
netic field, and tether temperature. The frequency spectrum of the
electrodynamic forces thus concentrates on low frequencies, and
they should excite mainly the low-frequency dynamic modes of
the system. However, they turn out to excite the higher frequency
modes of the system as well.> The dynamics is particularly inter-
esting for systems following inclined orbits, where a strong skip
rope motion develops. The bent tether moves about the line through
the end masses, which is itself moving. The strong lateral motion
affects the performance of the system and, for certain conditions,
its overall dynamic stability>’

Recently Peldez et al. have identified a mechanism destabilizing
the system dynamics on inclined orbits thathad not been considered
before® An important instability analyzed by Levin’ and Beletsky
and Levin,'” for equatorial orbits and a nontilted dipole model,
was due to coupling between elastic longitudinal oscillations and
in-plane libration. This new mechanism is even more basic because
it involves the loss of stability of an equilibrium position that is in-
dependent of elasticity. When there is no current, the local vertical
is a stable equilibrium configuration. In an equatorial orbit with an
idealized nontilted dipole model, the magnetic field is normal to the
orbital plane, and the current produces a force normal to the tether
in the orbital plane. The equilibrium position moves forward (with
thrust) or backward (with drag). In inclined orbits or on equatorial
orbits with a realistic magnetic field, there are periodic components
of the magnetic field along the local vertical and normal to the or-
bit plane. The equilibrium position gives way to a periodic motion,
which was found to be unstable?

The magnetic field component along the local vertical causes an
inclination-dependent coupling between in-plane and out-of-plane
librations. The component of the magnetic field normal to the orbit
plane produces a force that ends up continuously pumping energy
into the system, which eventually becomes unstable. The desta-
bilization mechanism for a straight tether model was analyzed in
Ref. 8. Note that the instability takes place even in the absence
of force components resonating with the natural librations of the
system.

The previous study considered the tether as a rigid bar and, thus,
did not include the lateral dynamics of the tether. In this paper,
we analyze the influence of tether lateral dynamics on the system
stability. We consider two different cases: 1) an electrodynamic
tether with a continuous conductive wire connecting the two end
bodies and 2) a Propulsive Small Expendable Deployment System-
(ProSEDS-) like tether configuration with a conductivewire of some
length, followed by a nonconductivetether that provides additional
dynamic stabilization? In both cases, we use a simple model with
two articulatedbars to describethe lateraldynamicsof the tether. The
electrodynamic forces model is also simple: a nontilted magnetic
dipoleand constantcurrent. Nevertheless, it leads to the formulation
of a few conclusions of general validity.

Description of the Model

A massive spacecraft O follows a circular orbit of radius a, angu-
lar frequency w = /(11 /a*), and inclinationi. A tether of mass 1y
with an end mass m  is attached to the spacecraft. Their masses are
negligible compared with that of O, so that the orbit is unperturbed
and the center of mass of the system stays at O. Oxyz is the orbital
frame, with Ox along the local vertical toward zenith, Oy normal
to the orbit plane and opposite to the orbital angular momentum,
and Oz along the flight direction.

We model the tether as two rigid bars articulatedat 7', 0_% and ﬁ
whose masses and lengths are m; and L, and m, and L,, respec-
tively. The total mass of the tether is my =m + m,, and the total
lengthL =L, 4+ L,. The end mass B is modeled as a pointmass m g.

The position of each bar in the orbital frame is given by the
in-plane angles 8, and 6, and the out-of-plane angles ¢, and ¢,, as
shown in Fig. 1. Throughout the paper and for the sake of brevity,
we will use the notation cx = cosx and sx = sinx.

Fig.1 Orbital frame and tether angles.

Earth Gravity Model and Inertia Forces
The Earth’s gravity is assumed spherical, and, consequently, the
orbital plane will remain steady in the inertial geocentric frame
Ex,y,z;. Because L < a, the gravitational potential is linearized in
the neighborhoodof the circular orbit, neglecting terms smaller than
(L/a)*:
V, = —w*[a® — xa + 2x* — y* — %) /2]

Let x be the position of a point mass relative to a moving frame
of angular speed w, whose origin has an acceleration v°. Landau
and Lifshitz!' showed that the inertia forces derive from a velocity-
dependent potential:

Vi=4% x—(WwWAX)?2—w-(xAX)

In the case of a circular orbit, v° = —w?ai and w = —w}, leading

to
Vi = —w’Qax + 2 + x2) /2 + w(zx — x£)/2

The inertia and linearized gravity forces together give the gravity-
gradientforce. Thus, the accelerationof a point mass of coordinates
x = (x, Y, z) in the orbital frame is given by

f=?*Gxi — yj) + 2w (i — xk)

Earth Magnetic Field

The Earth magnetic field B is modeled by means of a dipole
whose axis is defined by the unit vector u,,. Let r=ru, be the
position vector of a given point P in the geocentric frame, then the
field B in P is

B(r) = (o /7) [ — 3 (-, w1, ] (1)

where 11, is the strength of the dipole.'? In a tilted dipole model,
the unit vector u,, would rotate around the Earth’s spin axis; here
we adopt a nontilted dipole model because the tilt is not essential
in explaining the instability mechanism. Therefore, the components
(By, By, B.) in the orbital frame are

B, = _(zﬂm /a3)sisv, B, = —(Mm/a3)ci

B. = +(/,Lm /a3)sicv

where v is the true anomaly of the orbit with origin at the ascending
node.

Electrodynamics Forces

Our analysis can be applied both to the classical configuration
with an end collectorand to the bare tether collector. When used as a
generatoror brake, the tether collects electrons from the ionosphere,
which are then ejected back into the ionosphere by the cathodic
contactor at the lower end. Thus, electric current flows from the
lower to the higherend of the tether. In the thruster mode, the current
isforcedto flow in the oppositedirectionby means of a power supply
that biases the tether positively with respect to the ambient plasma.
For a bare tether, current varies linearly along the tether. For an
insulated, end-collector tether, current is constant along the tether.
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The electrodynamicforce acting on a tether element of length ds,
current / (s), and tangent vector u; is f, ds = I (s) ds u; x B, where
s is the distance from O. For a rigid tether, the system of distributed
forces is equivalent to a resultant force and torque applied at the
articulation point and given by

F,=1,Lu, xB, M, = f.I,L*u, x (u, X B)
This is done for each segment of the tether. Here /,, is the average
current along the wire, and the factor f, shows the effect of current
distribution on the torque:

L L
LI, =/ I1(s)ds, fol,L? =/ sI(s)ds
0 0

where f, is % for an insulated tether (uniform current), % for a bare
tether with current falling to zero at the tip, and é for a bare tether
with zero current at the origin with 7,, > 0 for the generator mode
and I,, < 0 for the thruster mode.

Equations of Motion

The Lagrangian function is computed as in Ref. 8, taking 6;, ¢,
0,, and ¢, as generalized coordinates and true anomaly v as the
independent variable. We compute first the kinetic energy of the
system in the motion relative to the orbital frame. The first bar is
treated as a solid with a fixed point: w-J, -w /2. Koenig’s theoremis
applied to the second one, to obtainm,v2 /2 + w- J - w/2; whereas
that of the end mass is trivial. Gravitational and inertial potential are
integrated over the two bars and computed for the end mass. The
Lagrangian function thus obtained is

L=2tm;+ 3m,,)w2L§{¢,§ + 62%[(1 0% + 36292]}
+L0my +3m;y +3mp)’ L3¢ + oy [(1+6)* +3¢%, ]}
+ %(mZ +2mp)w’L, Lz{C(DIC(lJzC(@z —0)(6:6: + 6, + 6,)
— c15¢25(0y — 0)@2(0) + 1) + 59100250, — 0)¢1 (0, + 1)
+[cpicor + s@ispac®: — 016162

+ 3C¢IC§02601602 — s¢1s¢2}

This could also be done by computing the kinetic energy of the
absolute motion in inertial axes, in terms of the earlier given coor-
dinates and derivatives, plus the linearized gravitational potential,
without the inertial potential. This leads to a different Lagrangian
function, but the Lagrange equations are the same: The contribution
of the difference to each equation is zero.

Electrodynamic forces do not derive from a potential, and they
must be included as generalized forces. The work of the electro-
magnetic forces and torques on each bar is computed for each co-
ordinate’s virtual displacementdg;, leading to

Qo =+ for Ly Lico {59, (B.cO, + B.s6,) + B,co,}
+ L, LiLycpi {s@,(BcO + B.s6)) + Bycp,c(6, — 6,)}

0y = = for Ly L}{(B,56, — B.cO,} + 1, L Lo{ B,cg,s5¢,5(0, — ;)
—{B.s0,—B.cO}s@;5¢, — {B.s6, — B.ctr}cp,co,}

Qb = + for Iy L2ca {502 (B8, + B.s6,) + Byco,}

0y = — fuor L, L3{ B, 56, — B.c6,}

When the nondimensional parameters are introduced,

The Lagrange equations can be written as
Acgi0) + 2Bc (6 — 0))cgs6, — 2Bs(0, — 0))592¢2

—2As@ig1(1+61) = 3Bsrc(62 — 0)¢2(1 + 62)

—2Bs(6; — 0)c, (67 + 26, + ¢2) + 56, (3Ach,cq,

+ %Bc@zcwz) + &1 AC{sis, (2cO,sv — s6,cv)

+cicg1} + (2] fo,) C(1 — A){sis2(2¢cO;5v — s6,cv)

+ cicp,c(0, — 0,)} =0 (2)
Agy + 2Bs (6, — 01)s@ica0, + 2 Blcoicg,

+5¢159:¢(0, — 6,)}¢2 + 3 Be(6, — 91)S¢lcwz(é§ +26, +¢’§)

+ As@1cgi0, (2 + 6,) — 3Bs (0, — 6))s@1 50202 (1 + 62)

— %BS(DQC(D](Z)% — &, ACsi (cO,cv + 256, 5v)

—(&2/f,)C(1 — A){sis@ s@,(cOicv + 250, 5v)

~+ sicp ¢, (cOycv + 250,5v) — cis (0, — 60,)spcp,}

+C¢’1(%BS§02 + AW’I) + 596, (%36925%

+3Achcp) =0 3)
2Dcg (6, — 01)6) + 2Dsgy5(6, — 01)é1 — Eca6,

+2Dcgs (0, — 0)(67 + 26, + ¢?)

—3Dsgic(6, — 0)@1(1 +6) + 2Es@¢n(1 + 6,)

—&(1 — A)C{sispy(2cOr5v — s6,cv) + cice,}

—3Ecb,56,¢0, + 2 Ds6yc0ic; = 0 4)
2Dcg 59250y — 61)6) — 2D{coicpr + 5¢1502¢(62 — 61)})

+ E@, — 2Dcgsprc(6, — 6,) (672 + 26, + ¢7)

—3Ds5¢15025 (02 — 01)¢1 (1 + 01) + 2Dsgicpr?

+ ES¢2€¢2{3C292 + 1+ 92)2} — 2Dccpictrsgs

— %Dsgolcgzh —&,C(1 — A)si(ch,cv + 250,5v) =0 )

where the coefficients A, B, C, D, and E are functionsof A, §;, and
8, given by

A= AQB+68 +368), B=(1-ANQ2+56)
C=0B+48+8), D=-AQ2+4)
E=(0-MANG+8)

These coefficients represent the influence of the mass distribution
of the tether on the system dynamics. It can easily be seen that
g; is the ratio of the maximum electrodynamic force over bar i to
the vertical gravity-gradientforce over the system. Equations (2-5)
must be integrated from the appropriate initial conditions at v = vy
to obtain the time evolution of the system.

ProSEDS Tether

ProSEDS is an upcoming flight demonstration of a bare tether
system. In ProSEDS a 5-km conductive tether, deployed from an
orbiting Delta second stage, is used as the anode of a deboosting
system. For stabilizationpurposes, the conductive wire is connected
to a 10-km nonconductive tether with a light end mass attached to
it at the other end. Consequently, in ProSEDS-like tethers the sec-
ond segmentis a nonconductive,gravity-gradientstabilizingdevice;
therefore £, =0, and the equations preceding become simpler.
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Tether Conductive over the Whole Length
When the whole tether is conductive, it can be modeled as two
identical bars of the same mass and length, leading to

my=my,=myg/2, L =L,=1L)/2, A=1

281 =28, =8 =my/mp

where my is the mass of the tether and only one mass distribution
parameter remains, §. Moreover, we will assume that the current is
uniform along the tether, thatis, I (s) = I,,. As a consequence,

=1,, fo=fo=1% ei=e=¢
In this case Eqgs. (2-5) yield
2128 +3)/(8 + D]cgi6; + corc(62 — 01)0, — 50250, — 0)
— 5128 +3) /(8 + Dlsp (1 +6)¢y
— 250,06 — 0)s (1 + 65) — cr5(6, — )] @2 + (1 + 6,)°]
+£2[(8 4 3)/(8 + D]{ci{ce; + 2cprc(6; — 6,))
+ 5i(2svch) — cvsh)(2s@y + s1)} + cpr{356,c6,
+5(6, — 0} + 4028 +3)/(8 + H]sO1clicop; =0 (6)
2128 +3)/(8 + D1G1 + 9192502 — 0102 + {s@15@20(6; — 6)
+coicg}@r + {s@1c02(6; — 0)) — cp1592 )03
—25015¢25(0, — 0 @2 (1 4 62) + 2[(28 +3)/(8 + D ]cg s,
x {(1 461> +3¢%0, } + s@1cp20(6, — 0)(1 + 6,)°
—e2[(8 +3)/(8 + H{2sisv{s6) + 250159159,
+2s6,c1 02} + sicv{cO; + 2¢015¢15@r + 2c0rcpicr}
—2cis@icgas (6, — 61)} + 3c6sp1c6,c0,
—Ss@picpac(B, — 6)) +cpisp, =0 @)
cgic(B2 — 00 + s@15(02 — 0@ + 2[(8 + 6)/(8 + 4 lcerb,
+cpis(y — 0)9F — 25¢,¢(6; — )@ (1 + 6))
—2[(+6)/(8 + D]spa(1 + )¢ + co15(0, — 0)(1 +6,)?
+£2[(8 4 3)/(8 + D]{cice, + sispr(2cHr5v — 56,¢v)}
+2[(8 + 6)/(8 + 4)]s0,¢0,c5 + 3c ¢, 50,
—cpis(6, —0)) =0 (8)
2[5+ 6)/(8 + D] — cpi5925(0, — 016, + [coicp,
+5915¢20(0> — 01)1g1 — [s91¢92 — 1592005 — 01197
+ 25015025, — )1 (1 + 6)) + cor5@2¢(62 — 01) (1 + 6;)°
+2[(6 +6)/( + Dlspacoa{ (1 + 62)* + 3626, }
+cp59,(3cO,cO, —c(6, —6))) +spce,
—e2[(8 4+ 3)/(8 + H)]sifcved; 4 25vs6,} = 0 9)
When i =0, all of the forcing terms are zero except those
with cosi. In this case there is an equilibrium position with
0,=6,(1,),0,=6,(1,), and ¢, =@, =0, whose stability condi-

tions are analyzed, with a different model, in Refs. 9 and 10. When
the current is zero, &; =0, and Egs. (2-5), or Egs. (6-9), have a

stable equilibrium position along the local vertical, 8, = ¢; = 6, =
¢, = 0. In the next section we will analyze the small oscillations of
the tether about the local vertical in the case of zero current.

Free Linear Oscillations

The Lagrange equations for ¢; =0 are linearized about the local
vertical, yielding the equationsfor small oscillationsin matrix form:

y=My
where
0, a 0 a 0
@1 1 0 b2 0 b4
y= . M=— |
6, K() Cy 0 C3 0
(%) 0 d2 0 d4J

1 1
KO - 12{51 +52 + 55152 + Z(S%}
6
9

1
by = —X{16A(52 +3)8 +3(7A + 6)8

+6(11A + 15)5; + 108}

=

by, = %{(2 + A)8, + 6}{, + 2}

9
c = T A{52 +2H25/A +3(1 + A)S, + 6}

6

9
d, = T A {62 +2H3(1 4+ A)8, + 2A8, + 6}

1
d, = _ﬁ{3(5A +13)83 + 2(A + 8)5,8,

+12(4 — A)8, + 6(A +26)8, + 108}

The eigenvalues of the matrix M give the natural frequencies nor-
malized by w. (Note that the true anomaly v is the independent
variable.) They are

\/5, s, 2, Wy =/ 1+ (U%

where

s _ 3 (6428 1 Ay (38 +25) A 435 + 6]
a) =
T A= A)[382 4 (12+45) 5, + 128

The frequencies/3w and 2w correspondto the classicallibrations
of the gravity-gradientpendulum, in-plane and out-of-plane, where
the tether moves as a straight bar.'” The associated eigenvectors are
{1,0, 1,0} and {0, 1, 0, 1}. The other two correspond to the lateral
dynamicsofthe tether, in-plane w,, with eigenvector{1, 0, k, 0}, and
out-of-plane w,, with eigenvector {0, 1, 0, k}. Here k is a negative
functionof A, §;, and §,. Both frequencies have the same qualitative
behavior.

The parameter A isalwaysin theinterval [0, 1],and w, is different
from zerofor any value of §; and §,. Figure 2a shows the dependence
of w, on A, forarbitrarilychosenvaluesof §; =0.1 and §, = 0.5. The
dependence of w4 on A is qualitatively identical and quantitatively
very similar to w, for w, > 1. Note that w,, w, — 00 when A — 0
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b) Normalized w, and wy vs d for a fully conductive tether

Fig.2 Lateral dynamics natural frequencies.

or A — 1, that is, when one of the two bars disappears. For given
values of §, and 8, there is a critical value of A given by

a2 — 34+ /382 + 126, + 9+ 58,8, + 35,
B 28, + 8

(10

where w, and w4 reach minimum values. For the particular case in
Fig.2a,wehave A* 22 0.466. The minimum valuesof the frequencies
are w3 >~9.42 and w; >~ 9.47. This qualitative behavior does not
change within the range of interest for the parameters §; and §,.
Thus, w, never vanishes and grows to infinity in the limits A — 0
and A — 1.

As an example of a nonuniformtether, we consider the ProSEDS
tether. The ProSEDS tetheris composedof L; =5 km of conductive
wire with an overall linear density of p; >~ 2 kg/kmand L, =10 km
of nonconductive tether with a linear density of p, 0.2 kg/km.
The overall lengthis L =L, + L, =15 km, and the mass attached
toits free end is m 3 = 20.4 kg. For this tether A = % 8, ~0.49, and
8, =2 0.098, and the frequencies associated to the lateral dynamics
are

Wy, = 88], Wy = 8.87
In this case, the minimum values of frequencieswould be w; >~ 8.437
and w; ~28.496 for A* >~ 0.475.

For a uniform electrodynamic tether, which is conductive over

the whole length, we have

3(56 +24)(118 + 24
w2=\/( ) ), wy =1+ o?

8(78 +48)

where § =mr /mp. The two normalized frequencies are shown in
Fig. 2b as a function of §.

Note that w, and w4 — 00 when § — 0. This reflects the typical
behaviorof a massive system in which at least one natural frequency

increasesas the mass decreases. The two frequencies w, and w, are
never equal, but they are very close over a large range of § values.

Nonlinear Stability Analysis

In this section, we analyze certain aspects of the dynamic stabil-
ity propertiesof the system, following the procedureused in Ref. 8.
In Ref. 8, we showed that the linear stability analysis was not con-
clusive, and we had to carry out a nonlinear analysis to clarify the
behavior of the perturbed system. Consequently, here we directly
attack the nonlinear analysis.

The two cases studied in this paper exhibit the same qualitative
behavior. When no currentis flowing in the wire, the parameterse; in
Egs. (2-5) are equal to zero, and the system has a stable equilibrium
position along the local vertical, 6, = ¢, =6, = ¢, =0. However,
this steady solution disappears when a nonzero current is flowing
in the wire (g; # 0), and a periodic solution (a closed orbit in phase
space) takes the place of the equilibrium position. For small values
of ¢;, a perturbation method can be used to compute this periodic
solution, as shown in Ref. 8.

However, there are some similarities and differences with that
analysis that must be pointed out. As in Ref. 8, the forcing terms
associated with the electrodynamicforces are periodic, and because
of the simplified model adopted, their period is the orbital period. In
Ref. 8, the only source of parametric resonance in the system was
the frequency 2w associated with the out-of-plane motion. In the
present dynamic model, there are two additional sources of possi-
ble resonances: For certain values of the parameters A, §,, and §,,
the natural frequencies w, or w, may become multiples of the or-
bital frequency. Fortunately, these multiples are not small (typically
greater than 7), and the resonances associated with these cases are
not as strong as the resonance associated with the natural frequency
2w. Therefore, in this paper we limit our analysis to the cases in
which the natural frequencies w, and w, take nonresonant values.
We look for the periodic solution that, when &; #0, replaces the
steady equilibrium position at zero current.

The stability properties of this periodic orbit are studied with
the same method used in Ref. 8. An approximate periodic solution
of Eqs. (2-5), y,(v, €1, &2, A, 61, 8>, i) is found through a pertur-
bation method in powers of the small parameters ¢;. This solution
is perturbed:y =y, +n(v, €1, 2, A, 81, 82, i). Equations (2-5) are
linearized about the periodic solutiony,, leading to linear equations
in 1, which are the variational equations of the system as follows:

N=JTYp,v,€1,6,7,8,8,,0)n (1)

where 7 is the Jacobianmatrix of the governingequationscomputed
for the periodicsolutiony,. Equations (11) are linear equations with
2m-periodic variable coefficients, and the stability of its solutions
canbe analyzedby means of Floquettheory (see Ref. 13). The stabil-
ity properties of the periodic solutiony, depend on its monodromy
matrix M (ey, €2, 61, 82, i), which is now an 8 x 8 matrix. However,
obtaining M and its eigenvalues through an asymptotic expansion
in powers of ¢;, as was done in Ref. 8 with a 4 x 4 matrix, is no
longer possible due to the size of M. This matrix must be computed
numerically for each particular case under study.

Analysis of ProSEDS-Type Tethers

For ProSEDS-type tethers (Fig. 3), Egs. (2-5) of this model take
a simpler form because ¢, =0 and A, B, C, D, and E take fixed
numerical values. When the values of the ProSEDS tether stated
earlier are used, the periodic solution we find in this case, to order
e}, is

6, = {~11867cie, +996.85% sin2ve? + [(371.8 cos 2v
+276.8)s% — 5.92c%i|cie? + [(—9.381s% — 50.64c%i) sin2v

+26.05s% sin4v]s?ie! + O(e3)} - 1073 (12)
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o1 = {11867sicos v e, — 2816cisisin ve] + [(20.0s%
+31.38¢%) cosv — 123.1s5% cos 3U]Si8? +[(19.83s%i

—34.73¢%) sinv + 54.25% sin 3v]cisie? + O(e3)} - 107

(13)
0, = {25.0s2i sin2vel +4.97cis%i cos2ve’ + [(1126¢%
+964.15%) sin 2v — 19872s% sin4v] - 107s%ig]
+0(&l)} 1072 (14)

¢ = {1.5215% cos 3vel — 0.6915cis’i sin3ve! + O(el)} - 1073

(15)

The solution used in the numerical computations has been obtained
to order five, although only four terms are shown here for the sake
of brevity. Figure 4a shows this solution for different values of or-
bital inclination, and Fig. 4b shows the influence of electric current
through ¢;. Only positive values of ¢, causing drag on the tether,
have been considered here, but the periodic solution is also valid
for £, <0, propulsive tether. (In that case, 6, would be positive.)
Note that the in-plane angle 0, is almost constant, decreasing with
inclination and increasing with the strength of the electrodynamic
force, 6, and ¢, increase with both, and ¢, is very small.

In this case, the monodromy matrix M of the variational
equations (11) only depends on &; and i, the other parameters be-
ing fixed. In general, its characteristic polynomial has four pairs of
conjugate complex roots.

Figure Sa shows the moduli of the eigenvalues, as a function of
the parameter ¢, for different values of the inclination in the (high)
range 30-75 deg. Because the numerical accuracy of the asymptotic
solution increases as i — 0, the curves have been computed for dif-
ferentrangesof e, to keep a constantaccuracy. All eigenvaluescome
in pairs of complex conjugates, so that only four curves appear for
each inclination. Two pairs always have |1| > 1 (unstable eigenval-
ues), and the other two have || < 1 (stable eigenvalues). Note that
the moduli of one stable and one unstable pair have a very small
sensitivity to variations of i and remain always very close to unity.

The other two pairs, however, show a high sensitivity to changes
of the orbital inclination i and the parameter ¢;. In fact, for val-
ues of &, above a critical value, these roots grow quickly and they
are the main source of instability for the system. Figure 5Sb shows
the moduli of the eigenvaluesfor (low) values of i =7.5-20 deg. The
rapid growth of the eigenvalue for €, greater than a critical value is
apparent. The eigenvalue reaches a maximum, and after that, it de-
creases. This behavioris not seen in the higher inclinationsbecause
the range of €, that can be attained is smaller.

The different behavior of the two sets of eigenvalues is an im-
portant point of this analysis with respect to Ref. 8. We will carry
out a detailed study to show more clearly the differences.In Ref. 8,
the eigenvaluesof the 4 x 4 monodromy matrix for a rigid tether are
obtained as an asymptotic expansionin powers of a small parameter
&, which is equivalent to si¢;. The moduli of the eigenvalues were

L, conductive length (bare)
L,non-conductive length me
o End mass

L

Delta rocket L,
ma
ProSEDS tether
Fig.3 ProSEDS configuration.
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Fig. 4 Periodic solution for a ProSEDS-type tether (projection of the
midpoint and tip trajectories on the local horizontal plane) as a function
of a) orbital inclination (¢; =0.5) and b) electric current (i =45 deg).

given by
| Aol = 1+ (/9)cis’i &3 + O(e})
| Asal = 1 = (/9)cis?i e} + O(e})

In the present case, there are four pairs of complex-conjugatenum-
bers. Two pairs have a behavior very similar to that exhibited by the
eigenvaluesjust given. The best way to see this similarity is to plot
o= (rl—1) /e vsey.

Note that o stays constant, to order &*, for the eigenvalues ob-
tained in Ref. 8. Consequently, any eigenvalue with a similar be-
havior must have an associated o that stays constant, in a first ap-
proximation, as a function of ¢, .

Figures 6 show the numerically computed values of o vs &;.
There are two pairs (four eigenvalues) for which the value of o is
almost constant, as shown in Fig. 6a. The remaining eigenvalues
have a rather different behavior, as shown in Fig. 6b. Note the very
different scale of the ordinate axes of Figs. 6. The values of i are
the same as in Fig. 5b, and the lower value in Fig. 5a, 7.5-30 deg.

These computations were carried out for ¢ sini € [—0.6, 0.6],
which ensures similar numerical accuracy, because the asymptotic
expansions are more accurate for small i.

The eigenvalues in Fig. 6a correspond to the vibration modes in
which the tether moves as a rigid bar. They are a source of insta-
bility for the system, but they do not involve any new effects when
compared to the analysis carried out in Ref. 8 for the rigid tether.

The eigenvalues in Fig. 6b correspond to the first lateral mode
of the tether both in-plane and out-of-plane. They reflect the in-
fluence of the tether lateral dynamics on the system’s response to
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Fig. 5 Moduli of the monodromy matrix eigenvalues for a ProSEDS-
type tether.

electrodynamic forces. They show a new behavior characterized
by a much greater sensitivity to the electrodynamic excitation. It
is clear now that they are the main source of instability for this
kind of tether. This analysis shows that the tether lateral dynamics
has a negative influence on the stability properties of the system.
In fact, the lateral dynamic of the tether makes the destabilizing
mechanism of electrodynamic tethers more sensitive to the orbital
inclination.

In summary, for all values of ¢, and i, there are four unstable
eigenvalues with moduli greater than unity. This means that the pe-
riodic solution is always unstable, within the limits of this model,
and as a consequence, any small perturbation causes the motion to
depart from the periodic solution. Thus, after a while the dynam-
ics results in net flux of energy of electrodynamic origin into the
system. This conclusion, of course, is valid within the simplified
assumptions of our model in which damping, variation of the tether
current along the orbit, and other excitation frequencies have been
neglected. As a matter of fact, numerical simulations with accurate
dynamic and environmental models do show the insurgence of a
strong lateral (skip-rope) motion."> However, in many cases, the
skip rope is not strong enough to destabilize the whole system be-
cause energy is dissipated by the tether material damping through
nonlinear coupling with the tether stretching modes.

Our numerical calculation process has a clear restriction: The
periodic solution needed to integrate the variational equations (11)
is obtained through an asymptotic expansion (12-15) valid only
for small values of ¢;. To expand the validity range, the solution
has been computed up to order 5. Thus, terms of order & that give
errorsof 5% for ¢, sini = 0.6 have been neglected. Therefore, in our
analysis we restrictthe interval of variationof ¢; sini to[—0.6, 0.6].
However, the intrinsic instability of the system (without damping)

— i= 75

------ i=100°

=125 1
- = 150°

i=115°

© =200

- i=300°

-0.2 L L L L L L 2

0.6

0.4

0.2

b) o for ASVG, A7,8

Fig.6 Third-order coefficient o of the monodromy matrix eigenvalues
for a ProSEDS-like tether vs €; and different values of i.

shouldremainfor valuesof e, of orderunity becauseno new physical
effects appear when &, grows.

Tether Conductive over the Whole Length

When the whole tether is conductive, there are three free param-
eters: i, €, and § =my /m g, which was fixed for the ProSEDS-type
tether cases. This new degree of freedom allows some insight on
whether the tether mass can be optimized for stability. The evolu-
tion of the eigenvalues with 8, in fact, shows the influence of the
tether mass distribution on the stability of the system. Again, an
approximate periodic solution is derived up to order 5 with the help
of MapleV. The first three terms are

§+3
6,(v) = —¢ - 4mci+82 - Ay sin2v
+&% (A + Aycos2v) + O@Eh (16)
(pl(v)=+s-4msicosv+82-BOSinv
+&3 . (B cosv + B, cos3v) + O(h) (17)
4 5+3
0,(v) = —¢ - =———ci+ & - Cysin2
HL(v) e 358—1—246[ e 0 sin2v
+&* - (C1 + Cyc0s2v) + O(eh) (18)
v) = +e iLsicosv—l—s2 Dy sinv
L T IV o
+&3 - (D cosv + D, cos3v) + O (19)
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Fig.7 Periodic solution for a fully conductive tether (projection of the
midpoint and tip trajectories on the local horizontal plane) vs a) orbital
inclination (¢ = 0.5) and b) current intensity parameter € (i =45 deg).

where the coefficients Ay—D,, which are functionsofi and §, may be
found in the Appendix. The terms of order 4 and 5 are too complex
to be written in full.

Figure 7a shows the periodic orbit for different values of the in-
clination and a constant €, and Fig. 7b shows the trajectories for
constant inclination and different €. In both cases, arbitrary values
8=1and L, =L, =7.5 km have been chosen to keep similarity
with the earlier cases. The curves show the projection of the tether
midpoint and tip on the local horizontal plane. There is a similarity
with the plots of ProSEDS (Fig. 4). The curves have the same qual-
itative behavior, but the deviations are much greater and ¢, is no
longer small. This is expected because the conducting wire is three
times as long, and the electrodynamictorque is much stronger than
in the ProSEDS cases for the same value of tether current.

The variationalequations (11) about the new solution (16-19) are
derived, and the eigenvalues of the monodromy matrix M are com-
puted numerically. Now, the eigenvalues depend on the parameter §
as well. This allows for a much richer dynamics.

As § and i increase, the eigenvaluesof M are no longer four pairs
of complex conjugates, but some of them bifurcate into two real
numbers, joining again for higher values of €. This happens mostly
at high currents, but in some ranges, heavy tethers with § > 1.2 and
i €[10,20 deg] bifurcations also occur at low current intensity and
inclination. Two such cases are shown in Fig. 8. The eigenvalues
keep the same general shape as in the ProSEDS case, with severe bi-
furcations superimposed. This is repeated several times as & grows,
with new and stronger bifurcations opening and closing, but the
limited range of the approximate solution does not allow for fur-
ther exploration. To some extent, the strong bifurcations mask the
“humps” of the lateral eigenvalues.
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Fig.8 Moduli of the monodromy matrix eigenvalues vs € for two cases
showing a specially complex dynamics.

For lighter tethers, the dynamics is more similar to that of the
ProSEDS-like tethers in which two groups of eigenvalues can be
distinguished.In spite of the difficulty of associatingthe eigenvalues
of the monodromy matrix with those of the free oscillations of the
system, comparison with the ProSEDS cases and with the analysis
in Ref. 8 allows for a safe correlation.

Figure 9 shows the evolutionof o vs €, for a fixed inclinationand
different mass distributions. The eigenvaluescan be clearly divided
into two groups: those associated to lateral motion (Fig. 9a) and
those corresponding to rigid-body motion (Fig. 9b).

In the first group, there is a maximum value of o for each case,
reaching a peak for a moderate value of §. As expected, maxima
occur at higher currents as § grows: Heavier tethers are more stable.
These maxima, as those in the ProSEDS case, are very interesting.
The gaps close to the zero of ¢ in Fig. 9 and in Fig. 10 are due to
loss of numerical precision because o — 0/0 as ¢ — 0.

The lateral motion eigenvalues cross several times; this can be
seen in Figs. 8 and 10 as well. One, between the maxima, is clear.
Other very quick crossings occur beyond the maxima and are nearly
masked by the step size in €. Note that, for a specific system, one
should avoid the value of € corresponding to maximum instability.

A wide exploration of parameters shows that maxima increase
in magnitude and occur at lower values of current as § decreases,
which is consistent with the behavior of a very light tether, that is,
very small transverse forces cause large deviations. As far as the
lateral motion is concerned, heavy tethers (relative to the end mass)
are more stable, or rather less unstable, at low current intensities
(below the value correspondingto the maxima) and light tethers are
slightly more stable at high intensities. In all cases, the first crossing
is the less unstable spot.

Rigid-bodymotion, as in the ProSEDS case, shows little variation
with current intensity, except at high values of €, where instability
suddenly increases. This is also consistent with the constant term
in the rigid-bar analysis of Ref. 8. The eigenvaluesare much larger,
as expected because the whole length is conductive instead of the
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inner third and torque is nine times greater for the same current
intensity.

Figure 10 shows the behavior of a light tether (§ = 0.4) with or-
bital inclination. The same maxima and crossings can be appreci-
ated. The behavioris similar to the ProSEDS case, with maxima for
each curve, although much more unstable due to the higher electro-
dynamic torque, especially in the rigid-body motion. This can also
be seen in Fig. 8, where the behavior for small current intensities
is similar to that of Pro-SEDS, but later becomes blurred by the
bifurcations.

In the rigid-body motion, o is nearly constant with € for moder-
ate currents. For higher currents, it increases sharply and shows a
complex behavior with recurring bifurcations. However, our analy-
sis loses accuracy for higher € due to the power expansion periodic
solution.

Note that the maxima increase in magnitude as the inclination
decreases, but occur at higher current intensities, that is, a sizable
out-of-plane forcing term is needed for instability at low inclina-
tions. Moreover, a higher inclination means a weaker instability for
the lateral dynamics, both at low and at high current intensities.

Summary of Results

We have derived a model that explains the main features of the
dynamics of an electrodynamic tether by taking into account the
tether lateral dynamics in a simplified manner, that is, the tether
is modeled as two rigid bars articulated at their common end. In
this way, the lateral dynamics of tethers made of a single wire or
of conductive and nonconductive portions can be approximately
described. When the current flowing in the conductive portion of
the tether is zero, the system has a stable equilibrium position with
the tether along the local vertical. This steady solution disappears
when the current in the wire is not zero. After the assumption that

-1y
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-15 -1 0.5 0 0.5 1 15
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(I=-1)/e?
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—4 [
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b) Rigid-body motion
Fig. 10 Effect of inclination for a light tether, § =0.4.

the current in the tether is constant, an w-periodic solution takes the
place of the steady equilibrium positionin the state space. Because
of our simplified environmental model, the period of the periodic
solution is the orbital period. In a more general case, however, the
solution will contain multiples of the orbital frequency.

The stability properties of this periodic solution have been ob-
tained by analyzing the variational equations that describe the be-
haviorof any perturbationsuperimposedon the periodicorbit. These
equations are linear, with w-periodic coefficients. Their long-term
behavior has been investigated, with the help of the Floquet theory.

Our analysis focused on two particular cases: 1) a tether with a
conductive section and an inert section and 2) a tether conductive
over the whole length. In both cases, we obtained the eigenvalues
of the monodromy matrix as a function of the free parameters: the
average currentin the wire, the orbitalinclination,and, in the second
case, also the system mass ratio mr /mg. The main conclusionsare
as follows.

ProSEDS-Type Tether

The eight eigenvalues of the monodromy matrix are four pairs
of complex-conjugate numbers. Half of them have moduli greater
than unity for any orbital inclination above zero. Consequently, the
periodic solution is always unstable, which, within the limits of this
model, means that thereis a net energy flux of electrodynamicorigin
into the system.

The behavior of two pairs of eigenvaluesis similar to that shown
in Ref. 8, where the system was modeled as one bar. For a given
orbital inclination, and for small tether currents, the differences of
the eigenvalue moduli from unity depend on the third power of the
current, that is, this instability is weak.

The moduli of the other two pairs of eigenvalues, which are asso-
ciated with the lateral dynamics,exhibita differentbehavior. For any
orbital inclination(which must be differentfrom zero in this model),
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they show a rapid growth for a tether current above a critical value.
These eigenvaluesare the mostimportantsource of instability for the
system. The lateral dynamics of the tether makes the destabilizing
mechanism more sensitive to the orbital inclination.

These instabilitiesapply to an electrodynamictether operatingin
either the thrust (boost) or generator (deboost) mode. One of the
main dynamic effects of the instability is the development of a large
skip rope motion of the tether, that is, the combined excitation of
the first lateral mode both in-plane and out-of-plane. The instability
mechanism presented in this paper provides a description of the
origin, onset, and development of the skip-rope motion that has
been observed in detailed numerical simulations.

Tether Conductive over the Whole Length

Similar conclusions can be obtained for the fully conductive
tether, with some distinctive points:

1) The dynamicsis richer, as a consequenceof the higher number
of free parameters, showing regions of successive bifurcations.

2) The rigid-body instability, though qualitatively similar, is
stronger than in ProSEDS-type tethers of comparable lengths and
currentintensity due to the higher forcing torque.

3) For fixed values of the pair (i, §), instability peaks at a specific
current intensity ¢. If inclination and current intensity are mission
determined, an appropriate choice of the mass ratio § can lead to a
smaller instability region and less need for control.

This analysis deliberately uses a simplified model to capture the
essential mechanism of the instability. Obviously, the dynamic sim-
ulation of a specific tethered system should take into account other
effects such as damping, plasma density influence on electric cur-
rent, elasticity, orbital eccentricity,and a control system. However,
including them would result in much more complex equations, and
it would be difficult to trace the contribution of each one.

Damping, for example, internal dissipation in the tether, has not
been considered, although it would obviously have a stabilizing
effect by taking mechanical energy out of the system. The authors
have studied the effect of damping in the simpler, one-bar model
of Ref. 8, finding some regions in parameter space where motion is
stable.!'* This work still has to be extended to the present two-bar
model.

Elasticity causes an instability of its own, as was mentioned
earlier.!” A rigid, articulated model has been chosen, among other
things, to show that this new instability is independent of elastic-
ity. In Ref. 15, the authors have used different models, elastic and
inextensible, finding little difference in the growth of instability.

64 (151187 4- 1387287 + 417608 4-41472)(8 4-3)* .

Electriccurrenthas been assumedconstantin time. Actually, it de-
pendson plasma density, which is maximum in the poles. Therefore,
current changes with twice the orbital frequency, in resonance with
the out-of-plane oscillations. Corsi and Iess studied this resonance
for a dumbbell system and found that it plays a major destabiliz-
ing role, but that it can be controlled.!® The authors have studied
the same resonance with a model that takes into account the lat-
eral dynamics, and it certainly grows faster, but not as much as in
the dumbbell model. Besides, both can be cotrolled with simple,
energy-related control laws. '

For a bare tether operating in the deboost regime, some results
about the stability problem including the variation of tether current
along the orbit may be found in Ref. 17, where a rigid-bar model is
used for the tether.

Conclusions

A relatively simple model of two articulated tether bars leads to
key insights into the dynamics of a tether system driven by electro-
dynamic forces. This model is a further evolution of the dumbbell
tether model (a single straight bar) that has been utilized repeat-
edly by many authors to study the dynamics of tether systems and
recently by these authors to study the librational instability of elec-
trodynamic tethers. The stability analysis carried out by means of
the two-bar model shows that the two modes of oscillation (the
tether libration and the lateral oscillation) are both unstable in the
absence of damping. The model confirms that the librational insta-
bility (as reported in previous work) grows very slowly while the
lateral oscillationinstability grows at a faster rate. The lateral oscil-
lation instability depends on the tether mass over the satellite mass
ratio, the orbital inclination, and the ratio between the maximum
lateral electrodynamic force and the vertical gravity-gradientforce.
In brief, the lateral instability increases with the increase of the or-
bital inclination. The instability shows a rapid rate of growth above
a critical value of the electrodynamic to gravity-gradient force ra-
tio. With regards to the tether-to-satellite mass ratio, heavy tethers
are less unstable at low current intensities, and light tethers are less
unstable at higher current intensities. Finally, ballasted electrody-
namic tether configurations(in which a nonconductivetether portion
is added to increase the gravity-gradienttorque) reduce the rate of
growth of the librational instability because of the reduced strength
of the electrodynamictorque when compared with an all-conductive
tether for an equal value of the current.

Appendix: Coefficients of the Periodic Solution

32 (378 + 120)(5 + 3)?

0= 3 (55 + 24)(110 + 24)2(1375% + 9608 + 1728) 0T T Go + 24118 + 242
_ 64 (23178 +294008% + 1224005 + 165888)(8 +3)° . b 32 G643
0779 T (55 + 24)2(118 + 24)(13782 + 96058 + 1728) ’ 07 9 (56 + 24)2
2 is2i (8 + 3)3
A =3 cis i@ +3) ((8612cof i — 12007)8° — (79272 — 88992 cot’ i)5>

T 27 (568 + 24)2(115 + 24)°
— (179712 — 2661120 i)§ + 221184 cot? i — 152064}

32 cis?i (8 + 3)%(22279275° + 391496885* + 2718898568° + 93306470452 + 15819079685 + 1059028992)

A,

9 (137582 + 9608 + 1728) (55 + 24)3(118 + 24)3

32 $3i (8 +3)3
T 27 (13782 + 9608 + 1728)(58 + 24)2(118 + 24)*

1

{(3536950 + 840769 cot? i)8° + (14088504cot* i + 61305888)8*

+ (4091670724 89586432 cot? i)8* + (267604992cot® i + 1309754880)5>

+ (364621824 cot? i 4+ 20054200328 + 167215104cot® i + 1170505728}

64 $3 (8 + 3)°

(6230217187 + 14360384648 + 138607638245°

2

15 (10982 4 7685 + 1728)(1375% 49608 + 1728)(58 4 24)3 (118 + 24)3

+724618091528* + 2211038208008° + 3929329336325 + 3758199275525 + 149060321280
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32 cis?i (8 +3)°
81 (1168 4 24)2(58 + 24)*

1=

+ (162432cot’ i — 89856)8 +221184cof i — 41472}

{(3356cot?i — 4977)8° + (40608 cot® i — 40680)8>

32 cis?i (8 + 3)3(65455375° 4+ 1128974645 + 7604979848% + 249484492857 + 39799848965 + 2460450816)

2

32 $3i(8 +3)3
727 (13752 + 9608 + 1728)(118 + 24)2(58 + 24)*

1

27 (13782 + 9608 + 1728)(55 + 24)3 (118 + 24)3

{(541798 4 125629cot® i)8° + (2481576cot® i + 10882848)s*

+(19512576¢c0t i + 856854728 + (329937408 + 76667904 cot® i)8*

+ (619923456 + 150958080cot® i)8 + 119439360cot’ i + 453869568}

64 s%i(8 +3)°

(303987225787 + 845149577285% + 9891479947685°

2

= 205 (10952 + 7685 + 1728)(1375% + 9608 + 1728)(58 + 24)3 (115 + 24)°

+63091462947845* + 236496219955208% + 520231549501448% + 621233254563845 + 31061877719040}
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